Carbon solubility in face-centered cubic Ni-W alloys and the phase diagram of C-Ni-W are investigated by means of first principles calculations and semi-grand canonical Monte Carlo simulations.
the cutoff energy to 330 eV and use a smaller energy tolerance to ensure better convergence.
A few special C-Ni-W structures are made and calculated to evaluate the nearest neighbor carbon-carbon and carbon-tungsten repulsion. For the C-Ni-W ternary the cutoff energy is 400 eV. Fig. 1 shows our first principles calculation result of the Ni-W binary, the entalphy of formation ∆H vs. the W composition, where ∆H is the energy of the structure with respect to pure elemental ground state structures, Ni.cF4 and W.cI2. The black and blue circles show the structures that we calculated. The red lines show the convex hull formed by stable structures. Any structure with ∆H above the convex hull will decompose into the end-point structures on the convex hull. We define ∆∆H as ∆H of the structure relative to the convex hull at the same compositon. For the stable binary structures, Ni 8 W.tI18 and Ni 4 W.tI10 have 11 at.% and 20 at.% W, respectively. Two other structures suggested by reports in the literature 9 are also on the convex hull, with W content slightly higher than 20 at.%, consistent with their conclusion that Ni-W forms stable and metastable compounds over a wide composition range. As a result, the superatom model contains twenty-six features: the number of W atoms, the numbers of five shortest W-W pairs, and the numbers from twenty types of super-atoms.
The energy model is then expressed in the linear form:
Here E is the energy per atom while n is the count of certain pairs or superatoms, divided by the total number of atoms. n 0 is always 1, corresponding to an overall energy shift, n 1 is W composition, n 2 to n 6 are the counts of W-W pairs scaled to per atom, and n 7 to n 26 are the counts of superatoms scaled to per atom. Components of β are the corresponding fitting parameters.
Our fitting procedure minimizes the weighted-mean-square deviation of model energy from calculated DFT energy, where the weight is chosen as an exponential of ∆∆H
Here ∆H α is the enthalpy of formation for structure α, taking pure element structures as the reference points, and ∆∆H α is the energy above the convex hull. Our fit yields a 5-fold cross validation error around 2 meV/atom, corresponding to an uncertainty in temperature of about 23K. The comparison between DFT and model is shown in Fig 3. C 
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For the Ni-W binary, where Ni and W sit at FCC lattice sites, we construct about 440
Ni-W structures with W composition ranging from 0 to 23 at.%, and take the energies to fit an energy model for simulation. In the C-Ni-W ternary, C atoms sit at octahedral sites of the FCC lattice, surrounded by six nearest metal (Ni/W) sites. Carbon-carbon, and carbon-tungsten repulsion are added to the binary energy model. We then perform semigrand canonical Monte-Carlo simulation to study the phase stability of C-Ni-W phase at different temperatures, holding fixed the total number of metal atoms and, in the ternary, the total number of carbon atoms.
Multidimensional replica exchange can help avoid getting stuck in some competing states.
For a selection of simulation trajectories, suppose the i th one is at temperature T i and chemical potential µ i , with total energy E i and tungsten number N i , and the j th one has the similar corresponding features with subscript j. The probability of occurence of these two trajectories is proportional to the corresponding Boltzmann factor
If we swap these two trajectories, so that trajectory i takes T j and µ j , and trajectory j takes T i and µ i , then the probability is
So the acceptance probability to interchange the trajectories is
where
We analyze the Monte Carlo results using a multidimensional variant of the multihistogram method 21, 22 , similar to the one-dimensional analysis in our previous work on the boron carbide system 23 . At temperature T and chemical potential µ, the histogram of configurations with energy E and tungsten composition x, H T,µ (E, x), can be converted into a density of states
where N is the total number of atoms. Here we fix T , and combine the histograms from different chemical potentials µ i to evaluate the density of states. Then we can evaluate the partition function
which is accurate over a range chemical potentials covering all µ i 's, as long as the histograms of nearby µ's overlap. Composition x W can be obtained by differentiating the free energy corrections from vibrational free energy and electronic free energy, we determine that the chemical potential µ should be in a range of −1.1eV through +0.16eV at T=500K and change to −1.0eV through +0.11eV at T=1200K. We then choose a selection of µ's that covers that range. 
B. Ni-W simulation with carbon
Experimental studied conducted at Lehigh University have covered many aspects of nanocrystalline Ni-W alloys 24 , including grain growth, thermal stability, and the effect of processing. Their study quantified the impurity contentration of carbon, oxygen and sulfur in electron deposited alloys with hot extraction analysis, and determined that both carbon and oxygen concentrations reach up to 0.5 at.%, while sulfur can be ignored relative to carbon and oxygen. Other light elements like nitrogen can also be present. Treating other impurities similarly as carbon, in affecting the thermal stability of C-Ni-W, we simulate up to 3.5 at.% total impurity concentration.
We add carbon at octahedral interstitial sites in the FCC lattice then conduct semi- 
C. C-Ni-W ternary phase diagram
Based on the free energies obtained from the simulation results, and by comparing the free energy of C-Ni-W phase with that of competing phases, we can predict C- For the C-W binary line, our calculation shows the ∆H of CW 2 is high, about 68 meV/atom above the convex hull. Experimentally the CW 2 phase, which has intrinsic disorder, only appears above 1250
Multiple histogram analysis of simulations predict free energies for systems with a fixed of carbon atoms. However, this free energy has an unknown reference as a function of the number of carbons. For a specific number of carbon atoms, we predict the free energy ∆F as a function ofz = x W /(x W + x N i ). The free energy along the C-Ni line can be estimated with the linearly interpolated energy and ideal mixing approximation of entropy. Matching the lines of ∆F 's with C-Ni line, we can put our predicted free energy on a unified relative scale, and determine the stable structures as those on the on the convex hull of F . Fig. 7 shows an example from the system with 270 Ni/W sites. Part (a) shows free energies from simulations with different numbers of carbon atoms, while (b) shows the stable compositions of the C-Ni-W FCC solid solution as a set of red lines.
The predicted ternary phase diagrams at T=1200K and T=1600K are displayed in Fig. 8 .
At 1200K, there is a small region of FCC. As temperature increases to 1600K, the carbon solubility increases and the FCC phase region expands. The solubility expansion can also be seen along Ni-W binary line by comparing these two phase diagrams. , which implies we must keep z ≤ 1 6 in this model. We have entropy
Assuming that the entropy for Ni 4 W vanishes, we include a factor F C (z) = 1 − 5z multiplying the Ni-W entropy since for Ni 4 Wz = 0.2, and for pure Ni wherez = 0 we want to keep full entropy.
With this simplified model for the FCC solid solution, together with the free energies of other phases, we predict the phase diagram at various temperatures as shown in Fig. 9 . This model also allows us to make predictions at lower temperature, which cannot be reached by simulations due to the difficulty of reaching true thermodynamic equilibrium at lower temperatures. Understanding the experimentally reported 25 binary solubility limit of 16% W, however this falls naturally out of our constraint z ≤ 1/6 in the presence of impurities.
Comparing the free energies predicted from semi-grand canonical simulations with those of competing phases calculated by density functional theory, we predicted the phase diagram of the C-Ni-W ternary at multiple temperatures, which also, inherently showed the carbon solubility in Ni-W solid solution. A constrained ideal mixing approximation gives similar results, and can serve as a way to predict the phase diagram at lower temperatures. The presence carbon as impurity leads to a solid solution phase instead of the low temperature stable Ni 8 W phase, perhaps explaining why that phase is not observed in experiment.
